R. Dedekind proposed the problem, still unsolved for n>6, of finding the order f(n) of the free distributive lattice with n generators.1 It is known that/(w) is the number of families F of subsets of a set of n objects such that no subset in F includes any other.2 A closely related problem is that of finding the number of families of subsets having specified inclusion relations, i.e., a given Hasse diagram.' For families of two subsets, G. N. Raney has solved this problem in terms of a general ra. 4 The present paper contains the solution, by other methods, for families of four or less subsets. In the process, we illustrate both recursive and direct methods of finding the numbers of realizations of Hasse diagrams by subsets of a finite set.
1. Notation. Let 2 be a set of n objects. We shall use subset to mean subset of 2. By realization of a Hasse diagram will be meant a realization by a family «i, • • • , a, of subsets. Let / be the number of inclusion relations among the a's. Families with different Hasse diagrams may have the same s and t, e.g., s =4 and / = 5 for realizations of both <*> and Y We shall denote by a,t(n), b,t(n), etc. the numbers of realizations of the respective diagrams with a given 5 and /. Dedekind's f(n) may be expressed in the form 2~lT-i a»p(w).
If g(n) is a function defined for non-negative integers, the sum 2"-o nCig(i) will be denoted by Tg(n). Clearly Tmn = (m + l)n. In the natural way this definition is extended to polynomials, with rational coefficients, in T, operating on functions g(n). which by Theorem I has an(n) = (T-l)2a -3n-2n realizations.
Since the total number of pairs of subsets is 2n(2B -1)/2, we have for / = 0, i.e., the diagram
4. The solution for 3 subsets. The only diagram for t = 3 is <. Using Theorem I, we see that
By duality the two diagrams, AandV * A minimal vertex is one from which there, are no downward sloping segments.
for / = 2 have the same number of realizations. Theorem I shows that this is given by
There is just the diagram 1-for / = 1. We obtain the number, a3i(w), of realizations by considering the number, h(n), of ordered triples (a, fi, y) of subsets such that a properly includes fi and y is different from a and from fi. Clearly h(n) = (2" -2)a2i(n). Also h(n) is the number of realizations of Iplus three times the number, a33(n), of realizations of < plus two times the number, 2a32(w), of realizations of /\ and of \f
Similarly, the number of realizations of the diagram
= (8" ^6-6" + 6-5-+ 3-4" -6-3" + 2-2")/6. N as follows. Examination shows it to be necessary and sufficient for a family oti, a2, a3, cti-to have just the inclusion relations aiCca, cczEct2, and o^Cou that pk be empty for k <= 1, 4, 5, 6, 7, 9, 12, 13 and not empty for k=3, 8, 14.
Let (0*1, • • • , <r7) be an ordered septuple of disjoint subsets such that <ti, at, a3 are not empty. A family of oti realizing N willresultif oneletsp3, ps, P14, p2,Pio. Pn.Pubeo-i, • • ■ , a7 respectively, lets po be the complement in 2 of the union of the aj, and chooses the remaining pk to be empty. Since each realization is obtained exactly once in this way, it follows from Lemma 2 that dz(n) = T\T -1)»1 = 8" -3-7B + 3-6" -5".
11. An observation.
In view of the role of the finite difference operator T-1 in the above, it is interesting to note that a polynomial A(T), with rational coefficients, is divisible by the z>th power of T-l if and only if a(n) =A(T) -1 vanishes for «=0, 1, • • • , v -1.
